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Abstract Photonic waveguide arrays provide an excellent
platform for simulating conventional topological systems, and
they can also be employed for the study of novel topologi-
cal phases in photonics systems. However, a direct measure-
ment of bulk topological invariants remains a great challenge.
Here we study topological features of generalized commen-
surate Aubry-Andre´-Harper (AAH) photonic waveguide arrays
and construct a topological phase diagram by calculating all
bulk Chern numbers, and then explore the bulk-edge corre-
spondence by analyzing the topological edge states and their
winding numbers. In contrast to incommensurate AAH models,
diagonal and off-diagonal commensurate AAH models are not
topologically equivalent. In particular, there appear nontrivial
topological phases with large Chern numbers and topological
phase transitions. By implementing Thouless pumping of light
in photonic waveguide arrays, we propose a simple scheme to
measure the bulk Chern numbers.
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1. Introduction
Photonic systems represent a promising platform for test-
ing quantum principles and implementing quantum simu-
lations [1, 2]. The main advantages of photonic systems
stem from: (i) easily preparing and detecting states, (ii) ma-
nipulating dispersion of light by photonic structures, (iii)
directly visualizing dynamics in space without decoher-
ence, and (iv) exploring dynamics regime exceeding orig-
inal systems. Photonic toolbox has been used to mimic var-
ious exotic quantum phenomena, such as, quantum chem-
istry [3, 4], Bloch-Zener dynamics [5–7], Anderson lo-
calization [8, 9], and dynamics localization [10, 11]. Re-
cently, photonic systems have been used to simulate con-
ventional topological systems and explore new topological
phases [12–19]. The integer quantum Hall systems have
been simulated by magneto-optical photonic crystals and
coupled ring resonators [20–22]. It has been found that
topological edge states of light will propagate along the
boundary [21, 23] in the presence of internal and external
disorder.
Modulating photonic waveguide arrays [24], one may
mimic Aubry-Andre´-Harper (AAH) models [24–30], which
are equivalent to two-dimensional integer quantum Hall
systems [25, 26]. In particular, strong hopping modulation
which is unlikely to be accessible in electronic systems, can
be realized in photonic systems. For incommensurate sys-
tems, regardless of whether the quasiperiodic modulation is
applied to on-site potential or off-site hopping, their topo-
logical equivalence has been found in theory [28]. For com-
mensurate systems, topological phase transitions have been
explored for some specific parametric conditions [27], and
the topological zero-energy modes have been discovered in
the gapless regime [31]. However, the existence of topolog-
ical phases in the whole parameter space are still unclear,
in particular the phase diagram has never been given.
By employing the bulk-edge correspondence, one may
explore topological phases by probing edge states or edge
topological invariants [32–37]. In recent years, in addition
to observing edge states and adiabatic pumping [24,29], the
edge topological invariant has also been measured [34, 35].
However, direct measurement of the bulk topological in-
variants such as Chern number is still a great challenge in
photonic systems [38, 39]. Due to the absence of any ex-
clusion principle for photons, measuring bulk topological
invariants need a complex procedure of sweeping the wave-
function over through the Brillouin zone [40, 41]. That is,
one has to know detailed information about initial states
of the occupied bulk band. It has been proposed that the
Thouless pumping is an alternative method for measuring
bulk topological invariants [42]. Recently, the topological
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Thouless pumping of ultracold atoms in optical superlat-
tices has been reported in experiments [43, 44]. Thus, we
wonder if the Thouless pumping of light can be employed
to explore nontrivial topological phases in photonic waveg-
uide arrays?
Here we study topological features of generalized com-
mensurate AAH photonic waveguide arrays. By varying
the hopping amplitude and on-site potential, we discover
the topological phase diagram characterized by different
Chern numbers. Interestingly, nontrivial topological phases
with large Chern numbers and topological phase transitions
appear when the hopping modulation is sufficiently strong.
This means that diagonal and off-diagonal commensurate
AAH models may have different topological invariants. To
measure Chern numbers, in addition to the transverse mod-
ulations along the lattice direction, we propose to apply pe-
riodic longitudinal modulations along the propagation di-
rection for inducing Thouless pumping of light along the
transverse direction. Therefore, in the adiabatic limit, the
Chern number of the occupied band can be determined by
measuring the mean transverse position shift of light in one
longitudinal modulation period.
2. Model
We consider a generalized 1D commensurate AAH model
obeying a single-particle single-band and tight-binding
Hamiltonian
ˆH =
N
∑
j=1
(
J j, j+1c†jc j+1 + h.c.
)
+
N
∑
j=1
V jc†jc j. (1)
with the on-site potential V j = νd cos(2piβ j + ky) and the
cosine-modulated nearest-neighbouring hopping J j, j+1 =
−J + νod cos(2piβ j + ky + δφ), where the rational param-
eter β = p/q (p and q are coprime numbers). Here, N =
qL is the total number of lattice sites, j denotes the lat-
tice index, c j and c†j are respectively annihilation and cre-
ation operators for the j-th site. The diagonal modulations
V j = νd cos(2piβ j+ ky) are described by the amplitude νd ,
the frequency β and the phase ky. The off-diagonal modu-
lations νod cos(2piβ j+ ky + δφ) are described by the am-
plitude νod , the frequency β and the phase ky + δφ . Here
δφ is the relative phase between the diagonal and off-
diagonal modulations. In the cases of νod = 0 and νd = 0,
the generalized AAH model is reduced to the diagonal and
off-diagonal AAH models, respectively. Our AAH-type
model with the tunable parameter ky can be realized by
1D photonic waveguide arrays, see Fig. 1. Since the on-
site potentials are determined by the refractive indices and
the inter-waveguide coupling drops exponentially with the
inter-waveguide separation, the diagonal and off-diagonal
modulations can be realized by controlling the refractive
indices and the inter-waveguide separation, respectively.
Imposing the periodic boundary condition on the sys-
tem, its Hamiltonian can be block diagonalized as ˆH =⊕
ˆHkx with the good quantum number kx = 2pi l/(qL) for
integers l = {1,2, · · · ,L}. Similar to other 1D systems [45,
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Figure 1 Schematic of different types of photonic waveguide ar-
rays: (a) off-diagonal AAH model, (b) diagonal AAH model, and
(c) the generalized AAH model. The on-site potentials V j (de-
noted by color) and the hopping strengths J j, j+1 can be mod-
ulated by controlling the refractive index and the inter-waveguide
separation, respectively. The modulation phase ky is varying
along the longitudinal propagation direction z.
46], the tunable parameter ky provides another synthetic di-
mension, thus the decoupled blocks of our Hamiltonian are
given as
ˆHkx,ky =
q
∑
j=1
(
J j, j+1eikx c†jc j+1 + h.c.
)
+
q
∑
j=1
V jc†jc j. (2)
Thus, the system becomes an effective 2D system with q
bands and it may have nontrivial Chern numbers over the
Brillouin-like zone (−pi/q < kx ≤ pi/q,0 < ky ≤ 2pi).
3. Topological phase transitions
The band structure can be obtained by solving ˆHkx,ky |ψn〉=
En,kx,ky |ψn〉. The Chern number for the n-th band is defined
as
Cn =
1
2pi
∫ pi/q
−pi/q
dkx
∫ 2pi
0
dkyFn(kx,ky), (3)
where Fn = Im
(〈
∂ky ψn
∣∣ ∂kx ψn〉− 〈∂kx ψn ∣∣ ∂ky ψn〉) is the
Berry curvature for the eigenstate |ψn〉. Below we only
consider commensurate AAH models with odd q (such as
β = p/q = 1/3) and δφ = 0. For the off-diagonal AAH
model of rational parameter β = 1/(2q), the zero-energy
edge modes appear in the gapless regime [31], but their
Chern numbers are not well defined.
By using a manifestly gauge-invariant description [47],
we numerically calculate the Chern numbers of the three
energy bands in the discretized Brillouin-like zone. Given
β = 1/3, Fig. 2 shows the topological phase diagram in
the parametric plane of (νod ,νd). The three numbers in the
phase diagram are the Chern numbers of the three energy
bands. In the absence of hopping modulation (νod = 0),
Copyright line will be provided by the publisher
3Figure 2 Topological phase diagram in the parameter plane of
(νod ,νd) for the generalized AAH model with β = 1/3.
the system becomes a diagonal AAH model, which does
not show topological phase transition for a given β [48].
For weak hopping modulations, similar to the incommensu-
rate systems [28], the topological phase remains the same
Chern numbers because the band gaps remain open.
Figure 3 Energy gaps and bands for the off-diagonal AAH
model with β = 1/3 (p = 1 and q = 3). (a) The two energy gaps
as a function of the relative hopping modulation strength νod/J.
The blue ‘+’ and red circle stands for the first and second gaps,
respectively. (b) Energy bands for νod/J = 1. The corresponding
Chern numbers for the three bands are (−1,2,−1). (c) Energy
bands for νod/J = 4. The two gaps close at the same point and
there is no well definition for the Chern number. (d) Energy bands
for νod/J = 10. The corresponding Chern numbers for the three
bands are (2,−4,2).
Different from the incommensurate systems [28], topo-
logical phase transitions appear when the hopping modula-
tion is sufficiently strong. In the absence of diagonal mod-
ulation (νd = 0), the system is an off-diagonal AAH model
with chiral symmetry [49]. As topological phase transitions
associate with band gap closure, we calculate the energy
gaps as a function of the relative modulation amplitude
νod/J, see Fig. 3 (a). The energy gap between the n-th and
(n+ 1)-th bands is defined as
Gn = min
kx,ky
(
En+1,kx,ky −En,kx,ky
)
. (4)
Due to the chiral symmetry, the two energy gaps for the
purely off-diagonal AAH model are the same. By solving a
simple cube equation (see online supporting information),
we analytically determine the transition point νod/J = 4,
where the two energy gaps simultaneously close. However,
the chiral symmetry is broken and the transition point is
split into two points even when a weak on-site potential
modulation is applied (see online supporting information).
Accompanying with the topological phase transition, the
gap in the energy bands will close and reopen, see Fig. 3
(b)-(d). If the hopping modulation is sufficiently strong,
νod/J > 4, a novel topological phase with large Chern
numbers (2,−4,2) appears. Through the transition point,
the Chern numbers change from (−1,2,−1) to (2,−4,2),
where not only the values of Chern numbers become dou-
bled but also their signs change. This means that the parti-
cle pumping along the lattice direction becomes more fast
and the propagation direction changes opposite. In the re-
gion of νod/J > 4, the energy gaps linearly increase with
νod/J, which may facilitate the detection of large Chern
numbers in experiments. The novel topological phases with
large Chern numbers are not limited to the system of β =
1/3, but generally exist in systems of rational β and odd q
(see online supporting information).
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Figure 4 Energy spectrum for the off-diagonal AAH model with
open boundary condition and different values of νod/J =: (a) 1
and (b) 10. The blue dot-dashed (red solid) lines in the gaps
stand for the edge modes localized at the left (right) edge. Here
the lattice size is chosen as 89 sites.
Based upon the bulk-edge correspondence [50, 51], the
topological features implied in the bulk state spectrum
can be extracted in the topological edge state spectrum,
and the bulk-state Chern number equals the edge-state
winding number difference between the neighboring gaps.
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By implementing exact diagonalization, we obtain the en-
ergy spectrum for the off-diagonal AAH model with open
boundary condition, see Fig. 4 (a) for νod/J = 1 and (b) for
νod/J = 10. Due to the chiral symmetry, these energy spec-
tra are mirror symmetric about zero energy. For νod/J = 1,
there are two edge modes with one at the left edge and the
other at the right edge. While for νod/J = 10, there are
four edge modes with two at the left edge and the other
two at the right edge. This means that the corresponding
winding numbers (I1, I2) are (−1,1) for νod/J = 1 and
(2,−2) for νod/J = 10. As I0 = 0 and I3 = 0, the corre-
sponding Chern numbers (C1 = I1 − I0,C2 = I2 − I1,C3 =
I3−I2) respectively equal (−1,2,−1) and (2,−4,2), which
are consistent with our numerical results shown in Fig. 2.
Alternatively, the Chern numbers can also be deduced
from the winding numbers of the reflection coefficient
phase [37, 52].
4. Measuring Chern numbers via Thouless
pumping of light
We propose to measure the Chern numbers of the gener-
alized AAH model via Thouless pumping of light [42–44].
The abstract figure shows a vivid picture of Thouless pump-
ing of light in the modulated waveguide arrays. To imple-
ment Thouless pumping in photonic waveguide arrays, in
addition to the periodic modulation of refractive indices
along the lattice direction, one has also to modulate the
refractive indices adiabatically and periodically along the
propagation direction, shown in Fig. 1 (a). Such waveg-
uide arrays have been designed in fused silica by the
femtosecond-laser written technique [24, 53, 54]. The re-
fractive index modulation can be realized by slightly vary-
ing the writing velocity along the propagation direction.
The light propagation is described by a paraxial filed
ψ(x,z) governed by the Schro¨dinger equation with the lon-
gitudinal propagation distance z acting the role of the evo-
lution time,
i∂zψ(x,z) =−
1
2k0
∂ 2
∂x2 ψ(x,z)−
k0γR(x,z)
n0
ψ(x,z). (5)
Here, γ describes the refractive index lattice depth and k0 =
2pin0/λ (where we choose the refractive index n0 = 1.45
and the wavelength λ = 0.63µm). The refractive index pro-
file of the waveguide arrays is given by
R(x,z) = ∑
j
[1+α cos(2piβ j+Ωz)]e−(x− jws)6/w6x , (6)
where the super-Gaussian refractive index profile of indi-
vidual waveguides is characterized by the normalized width
wx = 3µm and the waveguide spacing ws = 10µm. The re-
fractive index of j-th waveguide is modulated along the
propagation direction with modulation strength α , phase
2piβ j, and frequency Ω = 2pi/Z (where Z is the modula-
tion period). Obviously, such a refractive index lattice acts
as a spatially periodic lattice potential with temporally peri-
odic on-site modulations. In our simulation, the parameters
are chosen as α = 0.5, β = p/q = 1/3. The lattice depth
are set as γ = 9× 10−4 and 5× 10−4 with the correspond-
ing propagation distance Z = 30cm and 10cm, respectively.
If the lattice depth γ is sufficiently large and the modulation
strength α < 1, one can expand the light field
ψ(x,z) = ∑
j
C j(z)Φ j(x,z) (7)
with lowest Wannier states Φ j(x,z), where the expansion
amplitudes C j(z) are complex numbers. From Eq. (5), by
neglecting the constant on-site refractive index which only
gives a uniform phase for C j(z), one can find that the evo-
lution of C j(z) obeys the AAH model (1),
i∂zC j(z) =−
[
J j, j+1C j+1(z)+ J j, j−1C j−1(z)
]
+νd cos
[
2pi
3 j+ ky(z)
]
C j(z), (8)
with the parameters (J,νod ,νd) given by overlap integrals
of Wannier states Φ j(x,z), δφ = pi/3, and ky(z) = Ωz.
More details for the Wannier expansion are given in our
online supporting information.
We have calculated the parameters for different values
of the lattice depth γ . Given γ = 9× 10−4, we have the
parameters J = 3.76× 10−4/µm, νod = 1.43× 10−4/µm,
νd =−36.06×10−4/µm. Given γ = 5×10−4, we have the
parameters J = 5.23× 10−4/µm, νod = 1.01× 10−4/µm,
νd =−18.34×10−4/µm. Obviously, for these parameters,
the off-diagonal modulation strengths νod are much smaller
then the diagonal ones νd . To decrease the off-diagonal
modulation strength νod , one has to decrease the modula-
tion strength α in further. When the modulation strength α
becomes not too strong, the off-diagonal modulation νod
becomes far less than the hopping constant J. Although
the off-diagonal modulation is not completely switched off,
our numerical results show that it does not change the effi-
ciency of the Thouless pumping of light in the continuous
model.
To realize adiabatic pumping, ky(z) has to be tuned
slowly to suppress the Landau-Zener (LZ) transition be-
tween different bands. According to the LZ formula [55],
the ratio of LZ transition from the first band to the sec-
ond band is approximately given as Γ ∼ exp
(
−G21Z
)
. One
has to set Z large enough to minimize Γ, but longer waveg-
uide always causes larger total loss in realistic photonic sys-
tems. The loss at the waveguide length Z = 10cm can be
neglected in experiments while the loss at the waveguide
length Z = 30cm may limit the observation of Thouless
pumping of light [54]. To reduce the waveguide length, one
can alternately design Ω varying with the energy band gap
instead of linearly controlling ky(z). To implement Thou-
less pumping, the initial states have to uniformly occupy
the energy band in the quasi-momentum space. However,
photons can not automatically fill the energy band in a uni-
form way as fermions which follow the Pauli exclusion
principle. Generally, the initial state can be chosen as the
Wannier state of the first band [56, 57], which can be real-
ized by the fractional Fourier transformation [58]. We find
Copyright line will be provided by the publisher
5that a flat energy band can make the Wannier state more
localized, and the maximally localized Wannier state of
the first band can be approximately prepared by injecting a
Gaussian laser beam in a single waveguide with largest re-
fractive index, see the cover figure. The input conditions are
Aexp(−x2/W2) with the width W = 3.77µm for the waveg-
uide length Z = 30cm and W = 4.47µm for Z = 10cm.
Based upon the continuous Schro¨dinger equation (5)
for the light field ψ(x,z), the parameter ky increases from 0
to 2pi with z increasing from 0 to Z in one pumping cycle,
the Chern number C can be derived from the mean trans-
verse position shift of the light with the relation
C =
1
qws
(∫
x|ψ(x,Z)|2dx−
∫
x|ψ(x,0)|2dx
)
. (9)
We use spectral split method to simulate the light propaga-
tion in the modulated waveguide arrays [59].
In Fig. 5 (a) and (b), we show the light intensity dis-
tributions |ψ(x,z)|2 for different values of the lattice depth
γ and the propagation distance Z. The Chern numbers ex-
tracted from the mean position shifts are -0.97 for case
(a) (γ = 9× 10−4,Z = 30cm) and -0.99 for case (b) (γ =
5× 10−4,Z = 10cm). Both of them are almost as same as
the ideal value -1 for the perfectly infinite system. This
means that the Thouless pumping of light provides an-
other hallmark of the topological phases in our general-
ized 1D AAH photonic waveguide arrays. Similarly, one
can also determine the Chern numbers for excited bands
by inputting maximally localized Wannier states occupy-
ing the corresponding bands. In Fig. 5 (a), the intensity dis-
tributions are mostly restricted in a single waveguide in the
pumping process. This is because larger lattice depth makes
the energy bands more flat and the flat band can efficiently
suppress the diffusion along the lattice direction. When the
lattice depth becomes lower, the energy bands become less
flat and induce different group velocities with different mo-
mentum kx. In Fig. 5 (b), although the mean position shift
obeys the Thouless pumping governed by the correspond-
ing Chern number, the wavepacket spreads to both sides of
the mean position and it becomes diffusive.
To observe a large Chern number, one can implement
Thouless pumping by periodically modulating the inter-
waveguide separations along the transverse direction, as
shown in Fig. 1 (b). The refractive index profile of the
waveguide arrays is given by
R(x,z) = ∑
j
e−(x−x j)
6/w6x , (10)
where x j = jws + wm cos(2piβ j + Ωz + φ0) is the j-th
waveguide center, wm is the modulation amplitude and
φ0 is the initial phase. In our simulation, the parameters
are chosen as β = 1/3, ws = 20µm, wx = 3µm, wm =
18µm, γ = 5× 10−4, Z = 15cm and φ0 = pi/5. The ini-
tial state is prepared by injecting the Gaussian laser beam
with W = 4.3µm into the waveguide with the largest inter-
waveguide separations. In Fig. 5 (c), we show the light in-
tensity distributions |ψ(x,z)|2 in one pumping cycle. The
Chern numbers extracted from the mean position shifts are
1.97, which is very close to the ideal value 2.
Figure 5 The light intensity distributions |ψ(x,z)|2 in one pump-
ing cycle with different modulations: (a) the refractive index mod-
ulation (6) with α = 0.5, β = 1/3, ws = 10µm, wx = 3µm, γ =
9× 10−4 and Z = 30cm, (b) the refractive index modulation (6)
with α = 0.5, β = 1/3, ws = 10µm, wx = 3µm, γ = 5×10−4 and
Z = 10cm, and (c) the inter-waveguide spacing modulation (10)
with β = 1/3, ws = 20µm, wx = 3µm, wm = 18µm, γ = 5×10−4,
Z = 15cm and φ0 = pi/5, .
5. Summary and discussion
We have predicted topological phase transitions in the gen-
eralized AAH photonic waveguide arrays and have demon-
strated a possibility to measure directly their Chern num-
bers via Thouless pumping of light. For weak hopping
modulations, the off-diagonal commensurate AAH model
has been shown to be topologically equivalent to its diag-
onal counterpart. Strengthening the hopping modulation,
the energy bands undergo a gap closure with topological
phase transitions, and novel topological phases with large
Chern numbers appear when the hopping modulation is suf-
ficiently strong. Taking the off-diagonal AAH model with
β = 1/3 as an example, we have analyzed the topological
phase transitions at νod/J = ±4. The photonic topological
phase transitions can be verified by either topological edge
or bulk invariants. To clarify the bulk-edge correspondence,
in addition to the calculation of the bulk-state Chern num-
bers, we have analyzed the topological edge states and their
winding numbers, and have suggested a simple scheme to
Copyright line will be provided by the publisher
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measure directly the bulk Chern numbers by means of the
Thouless pumping of light.
We know, in electronic systems, large Chern num-
ber means high Hall conductance. Similarly, in photonic
waveguide arrays, large Chern number means high cou-
pling efficiency between waveguides. The search of large
Chern numbers is a significant goal in exploring novel topo-
logical phases [60, 61]. Generally speaking, large Chern
numbers are introduced by weak tunneling in high-order
perturbation expansion [62]. Moreover, because of a nar-
row energy gap, large Chern numbers are very hard to mea-
sure in experiments. We believe that our findings of large
Chern numbers in photonic waveguide arrays and the sug-
gestion of their measurement via Thouless pumping offer
an inspiration for experimental studies of novel topological
phases.
Beyond linear photonic waveguide arrays, it is impor-
tant to understand the interplay between nonlinearity and
topology in nonlinear photonic waveguide arrays. It is well-
known that, in an interacting many-body quantum system,
fractional topological states can be induced by the interplay
between interaction and topology [63]. In the mean-field
theory, the inter-particle interaction can be viewed as a kind
of nonlinear mean-field interaction and the system obeys
a nonlinear Schro¨dinger equation. In the other hand, due
to the nonlinearity, gap solitons may emerge in nonlinear
quantum lattices [64–66]. Therefore, it is deserved to study
the exotic Thouless pumping of light (in particular the gap
solitons) in nonlinear photonic waveguide arrays.
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